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Angular momentum and mass-charge inequalities for axisymmetric maximal time-symmetric ini-
tial data in Einstein-Maxwell gravity with dark matter sector were derived. The dark matter sector
is mimicked by another U(1)-gauge field coupled to the ordinary Maxwell one. We assume that data
set with two asymptotically flat regions is given on smooth simply connected manifold. One also
pays attention to the area momentum charge inequalities for a closed orientable two-dimensional
spacelike surface embedded in the spacetime of the considered theory. It turned out that the addi-
tion of dark matter sector influences to the great extent on the growth of the black hole masses. This
fact may be responsible for the existence of the recently detected supermassive objects at relatively
short time after Big Bang. The inequalities binding the charge of the body (black hole) and its size
were also investigated. It turns out that the estimation depends on the coupling constant of the
ordinary matter to the dark matter sector.
PACS numbers: 04.70.Bw, 04.50.Kd, 04.20.-q
I. INTRODUCTION
Dynamical process of the formation of black holes is still a serious challenge to the present-day investigations both
in general relativity and its extensions. Therefore, from theoretical point of view it is very important to derive certain
estimates and inequalities binding physical quantities characterizing process in question. Based on the first principles
these formulae are of great importance for our understanding of these complicated processes.
First researches directed to this problem were given in [1], then generalized in the context of time-symmetric,
axisymmetric data [2, 3] and developed to obtain mass, angular momenta in the case of vacuum and electrovacuum
[4]-[10]. On the other hand, quasi local quantities characterizing black holes were considered in [11]-[13], where the
studies were conducted for both vacuum and cosmological constant spacetimes. The extension of the above problems,
including electric and magnetic charges into considerations was studied in [14]-[19]. In [20] the lower bound for the
area of black holes in terms of their masses, charges and angular momenta was found, under the condition that the
initial data arouse from extreme Kerr-Newmann spacetime.
Another interesting aspects of the problem were studies of universal inequalities concerning size, angular momentum
and charge of the body [21]-[25]. Among these problems a general and sufficient conditions for a formation of black
holes due to the concentration of angular momentum and charge were presented [26, 27].
A natural extension of the researches is to answer the question concerning collapse and emergence of black objects
in generalized theories of gravity as well as the higher dimensional ones. The question concerning the influence of the
other ingredients of our Universe like dark matter and dark energy constitutes an interesting research problem and
should also be taken int account. Some results concerning the uniqueness theorem of higher dimensional black objects
[28]-[40], existence of black holes in generalization of Einstein gravity [41]-[57], their masses and event horizon area
[58]-[62], were achieved.
One of the key predictions of the current understanding of the creation of structures in the Universe is the so-called
ΛCDM- model. It predicts that galaxies are embedded in very extended and massive halos composed of dark matter,
which in turns are surrounded by smaller dark matter sub-halos. The sub-halo dark matter clumps are large enough
to accumulate gas and dust and form satellite galaxies, which can orbit around the host ones. In principle smaller
galaxies can be circled by much smaller sub-halo dark matter satellites, almost invisible by telescopes [63]. So in the
nearby of the Milky Way one can suppose that such structures also exist. Dark matter interaction with the Standard
Model particles authorizes the main theoretical searches of the particle physics in the early Universe [64]-[67]. It was
also announce that the collapse of neutron stars and emergence of the first star generations could contain some other
hints for these researches [68]-[70]. The existence of dark matter can affect black hole growth during the early stages
of our Universe. The numerical studies of dark matter and dark energy collapse and their interactions with black
holes and wormholes were studied in [71, 72].
On the other hand, physics processes such as increases of the gamma rays emissions coming from dwarf galaxies [73],
2possible dilaton-like coupling to photons caused by ultralight dark matter [74], and oscillations of the fine structure
constant, can be explained by physics beyond the Standard Model.
There is still a great interest in observations of highly redshifted quasars, the potential place of location of super-
massive black holes. Approximately forty quasars at the distances greater than the redshift equal to six, with the
mass of about one billion solar masses have been spotted. But this is only beginning. Recent observations confirm the
existence of black hole monsters of mass in the range between 12 to 17 billion solar masses [75]-[78]. The existence of
such supermassive black objects in the Early Universe when its age was less than one billion years is a big challenge
for the theory of black hole formation, growth and coevolution with early galaxies. The tantalizing question is how
in a relatively short time after Big Bang such huge concentration of masses can be explained.
Motivated by the above statements concerning the dark matter and its possible influence on the Standard Model
physics, we shall look for the lower bound for area and mass of the black holes in Einstein-Maxwell dark matter gravity.
In our considerations we shall elaborate the model of dark matter sector, which the ordinary Maxwell field is coupled
to the other U(1)-gauge field mimicking dark matter. The model in question has strong astronomical and Earth
experiment motivations like observations of 511 eV gamma rays, electron positron excess in galaxy, muon anomalous
magnetic moment explanation, dark photon detection experiments [79] -[85].
The organization of our paper is as follows. In Sec.2 we describe the basic features of Einstein-Maxwell gravity with
dark matter sector. Section 3 will be devoted to the initial data for the underlying theory. In Sec.4 we pay attention
to the properties of the angular momentum, while Sec.5 is devoted to the mass inequalities for black holes with dark
matter. It turns out that the participation of this ingredient of the Universe mass in gravitational collapse can be
treated as an efficient factor for explanation of the huge masses of primordial black objects. Section 6 is concerned
with the area inequalities, while in Sec.7 we have given some remarks concerning the charge and the size of the body
with the influence of the dark matter sector. Firstly one assumes the maximal initial data and in the next step we
try to get rid of the aforementioned assumption. In Sec.8 we concluded our investigations.
II. GRAVITY WITH DARK MATTER SECTOR
In this section we shall elaborate the basic features of Einstein-Maxwell gravity supplemented by the dark matter
sector, which constitutes another U(1)-gauge field coupled to the ordinary Maxwell one. Recently, the justification of
the model in question was given from string/M-theory [86]. The mixing term of the two gauge fields, called kinematic
mixing portals is typical for states of open string theories, i.e., both gauge states are supported by D-branes. They
are in turn separated in the extra dimensions like in supersymmeric Type I, Type IIA and Type IIB models.
The elaborated model with dark matter sector was also widely studied in the AdS/CMT attitude, as a possible
influence of the dark matter on condensed matter systems, being a potential guidelines for future experiments [87].
As far as the latest experimental search for the dark photons is concerned, constraints on their masses below ∼ 100
MeV from the observations of Supernova 1987A were given in Ref.[88].
The action of the theory into consideration is provided by
S =
∫ √−g d4x
(
R
16π
− 1
4
FµνF
µν − 1
4
BµνB
µν − α
4
FµνB
µν
)
, (1)
where Fµν = 2∇[µAν] stands for the ordinary Maxwell field strength tensor, while the second U(1)-gauge field Bµν is
given by Bµν = 2∇[µBν], α is a coupling constant between U(1) fields.
Varying the action with respect to the considered fields one obtains the equations of motion which can be written
in the form as
Gµν = 8π (Tµν(F ) + Tµν(B) + α Tµν(F, B)) + 8π Tmatter, (2)
∇µFµν + α
2
∇µBµν = 0, (3)
∇µBµν + α
2
∇µFµν = 0. (4)
The contributions to the full energy momentum tensors are given by
Tµν(F ) =
1
2
FµβFν
β − 1
8
gµν FαβF
αβ , (5)
Tµν(B) =
1
2
BµβBν
β − 1
8
gµν BαβB
αβ , (6)
Tµν(F, B) =
1
2
FµβBν
β − 1
8
gµν FαβB
αβ . (7)
3III. INITIAL DATA FOR EINSTEIN-MAXWELL DARK MATTER THEORY
To commence with we comment on the initial data for Einstein-Maxwell gravity coupled to dark matter sector. In
what follows one supposes that we take into account non-electromagnetic matter fields.
The globally hyperbolic manifold of the considered theory we foliate by Cauchy surfaces Σt, parameterized by
a global time t. Let us suppose that nα is the unit normal to the hypersurface in question. Then, one gets that
nα n
α = −1. The spacetime metric induced on Σt hypersurface, hαβ, is provided by the relation
hαβ = gαβ + nαnβ. (8)
Moreover, we define electric and magnetic components for gauge field strengths Fαβ and respectively for Bαβ . The
electric components for the Maxwell and dark matter gauge field components imply
Eα = Fαβ nβ , E˜
α = Bαβ nβ, (9)
while the magnetic ones can be written in the forms provided by
Bα = − ∗ Fαγ nγ , B˜α = − ∗Bαγ nγ . (10)
where one denotes the dual Maxwell tensor and dark matter one, respectively by
∗Fαβ = 1
2
ǫαβγδ F
γδ, ∗Bαβ = 1
2
ǫαβγδ B
γδ. (11)
The constraint equations which define time-symmetric initial data for the theory in question, are given by
Da
(
Kab −Kcc hab
)
= 4π ǫmib
[
BmEi + B˜mE˜i + (12)
+
α
2
(BmE˜i + B˜mEi)
]
+ 8πPb,
(3)R+ (Ki
i)2 −Kmn Kmn = 4π
[
BmB
m + EaE
a + B˜mB˜
m + E˜aE˜
a (13)
+ α (BmB˜
m + EaE˜
a)
]
+ 16πµb,
where µb is the non-electromagnetic matter energy density and Pb denotes non-electromagnetic matter momentum
density. Da is the derivative with respect to the metric tensor hab.
In the consideration in question we shall tackle the problem of asymptotically flat Riemannian manifold with a
region diffeomorphic to R3 \ B(R), where B(R) is a coordinate ball of radius R. In the aforementioned region we
suppose that the following conditions will be quarantined:
hij − δij = Ok(r− 12 ), ∂khij ∈ L2(Mext), Kij = Ol−1(r−3), (14)
Ei = Ol−1(r−2), E˜i = Ol−1(r−2),
Bi = Ol−1(r−2), B˜i = Ol−1(r−2), (15)
where we set f = Ok(rλ), ∂k1...klf = O(rλ−l), for 0 ≤ l ≤ k.
The initial data set for Einstein-Maxwell gravity with dark matter sector will consist of metric tensor, extrinsic
curvature, as well as vectors bounded with both gauge fields (M, hij , Kab, Ei, E˜i, Ba, B˜a). We shall take into
account the axisymmetric initial data, which means that the data will be invariant under the action of U(1)-group.
Namely, the defined quantities should be invariant under the action of the group. In view of these conditions one has
that
Lηhab = LηKij = LηEi = LηE˜i = LηBj = LηB˜j = 0, (16)
where Lη is Lie derivative with respect to the Killing vector field ηα.
4IV. ANGULAR MOMENTUM
In this section the analysis will be addressed to the problem of an angular momentum in Einstein-Maxwell dark
matter gravity theory. The angular momentum directed by the rotation axis of two-dimensional surface Σ ∈M , with
a tangent vector ηa and unit outer normal vector over the coordinate sphere, may be cast in the form
J(Σ) =
1
8π
∫
Σ
dΣ (Kab −Kcchab) na ηb. (17)
The above relation describes the so-called Komar-like angular momentum of the two-dimensional surface. This
definition coincides with the Komar one in the case when the tangent vector ηa is defined in the adjacent of the
surface Σ. Unfortunately, the defined quantity is not necessary conserved. The problem is that some matter fields
may have the bulk contribution defined in the form of the Stoke’s theorem and they can be bounded with black hole
(surface terms).
All the quoted arguments lead to the conclusion that one needs to modify the definition of the angular momentum,
in order to remedy the situation in question. The form of the total angular momentum is motivated by the demand
to have a property of being conserved. Of course, one should take into account the contribution of Maxwell and dark
matter sector. In the theory under inspection, the total angular momentum of a surface Σ is provided by
J˜(Σ) =
1
8π
∫
Σ
dΣ (Kab −Kcchab) na ηb + 1
2
∫
Σ
dΣ Abηb E
knk (18)
+
1
2
∫
Σ
dΣ A˜bηb E˜
knk +
α
4
∫
Σ
dΣ Abηb E˜
knk
+
α
4
∫
Σ
dΣ A˜bηb E˜
knk.
It should be remarked that the topology of the manifold of the considered theory does not allow for globally smooth
vector potentials. In order to overcome this problem one ought to remove the Dirac string bounded with each point
in. Removing from the manifold in question, either the portion of the z-axis below or above in, in order to have
U(1)-invariant potentials. Namely, we have
Ai =
1
2M
M∑
k=1
(
A
(k)
+i +A
(k)
−i
)
, Bi =
1
2N
N∑
k=1
(
B
(k)
+i +B
(k)
−i
)
, (19)
on R3 \{z−axis}. As was mentioned in [20], Ai and Bi are discontinuous on z-axis, but the product Ai ηi and Ba ηa
is well behaved. It happens due to the fact that the Killing vector field ηb vanishes on z-axis.
Let us quote some implications concerning the total angular momentum. To commence with, we consider the
left-hand side of the constraint equation (12), extract Pb and calculate an integral overM1 from Pbη
b, where M1 ∈M
and its boundaries are given by ∂M1 = Σ1 ∪ Σ2. The terms can be further cast in the forms which yield
ǫbmi B
mEiηb = Dk
[
ǫbmiE
i ǫmklAiη
b
]
−DiEi ηbAb, (20)
ǫbmi B˜
mEiηb = Dk
[
ǫbmiE˜
i ǫmklA˜iη
b
]
−DiE˜i ηbA˜b, (21)
ǫbmi B
mE˜iηb = Dk
[
ǫbmiE˜
i ǫmklAiη
b
]
−DiE˜i ηbAb, (22)
ǫbmi B˜
mEiηb = Dk
[
ǫbmiE
i ǫmklA˜iη
b
]
−DiEi ηbA˜b, (23)
where we here used the fact that LηEa = 0, LηE˜a = 0. Having in mind equations of motion
DiE
i +
α
2
DiE˜
i = 0, (24)
DmE˜
m +
α
2
DmE
m = 0, (25)
after straightforward calculations we arrive at the relation∫
M1
dV P bηb =
1
8π
∫
∂M1
dΣ (Kab −Kcchab) na ηb + 1
2
∫
∂M1
dΣ Abηb E
knk (26)
5+
1
2
∫
∂M1
dΣ A˜bηb E˜
knk +
α
4
∫
∂M1
dΣ Abηb E˜
knk
+
α
4
∫
∂M1
dΣ A˜bηb E˜
knk
= J˜(Σ2)− J˜(Σ1).
If Pbη
b is equal to zero, we get the conclusion that the total angular momentum in Einstein-Maxwell dark matter
gravity is conserved.
Let us ask the question about the gauge invariance of the total angular momentum, namely we shall check if J˜(Σ)
is invariant under the the gauge transformation of the U(1) fields appearing in the theory. In order to show this we
calculate the expression
J˜(Σ) = J˜(Σ, Ai +∇ia, Bi +∇ib), (27)
and use the fact that ηan
a = 0, as well as, Lη(EK nk) = 0, Lη(E˜K nk) = 0, the gauge invariance of the total angular
momentum can be established.
As far as the gauge fields in theory is concerned, we have the following asymptotic behaviors:
Aµ ∼ O
(
1
r
)
, Bµ ∼ O
(
1
r
)
, (28)
and for the U(1) Killing vector field ηa, one has
| η |∼| x ∂y − y ∂x |= O(ρ), (29)
where ρ ∼
√
x2 + y2. In the case of magnetic and electric part of Maxwell and dark matter sector, we suppose that
their asymptotic expansions are given by
(Ea, E˜a, Ba, B˜a) ∼ 1
r2
∂r +O
(
1
r3
)
. (30)
On the other hand, it can be shown [20] that the following relations are satisfied:
lim
r→∞
1
r2
1
2M
M∑
k=1
(
A
(k)
+i +A
(k)
−i
)
ηi = 0, lim
r→∞
1
r2
1
2N
N∑
k=1
(
B
(k)
+i +B
(k)
−i
)
ηi = 0. (31)
It leads to the conclusion that the total angular momentum J˜ tends at infinity as J(Σ) - Komar like angular momentum.
The conclusions bounded with our calculations of the angular momentum in the theory in question can be formulated
as follows:
Theorem
Let us suppose that (M, hij , Kij , Ei, E˜i, Bi, B˜i) is the initial axisymmetric data for Einstein-Maxwell dark matter
theory. Moreover, if one has that Pmη
m = 0 then the total angular momentum J˜(Σ) is conserved. It means that for
U(1) invariant hypersurfaces Σ1 and Σ2 the following relation is satisfied:
J˜(Σ1) = J˜(Σ2). (32)
The total angular momentum is gauge invariant for both gauge fields (Maxwell and dark matter) and vanishes in a
neighborhood of in points, as well as, for S∞, one has that
J˜(S∞) = J(Σ). (33)
In what follows we shall consider the problem of the so-called twist potential. Having in mind the considerations
connected with this subject in ordinary Einstein-Maxwell gravity, let us define the following quantity:
λ = ǫabc
(
πbk − 4π Θbk
)
ηc ηk dx
a, (34)
where we have denoted by
πab = Kab −Kcc hab, (35)
6and for Θab stands the following expression:
Θab = ψ
(E)
ab + ψ
(E˜)
ab + ψ
(BA˜)
ab + ψ
(B˜A)
ab . (36)
On the other hand, the adequate terms in the relation (36) are provided by
ψ
(E)
ab = ǫimbE
i ǫa
lmAl, ψ
(E˜)
ab = ǫimbE˜
i ǫa
lmA˜l, (37)
ψ
(BA˜)
ab = ǫimbE
i ǫa
lmA˜l, ψ
(B˜A)
ab = ǫimbE˜
i ǫa
lmAl.
In order to find the properties of the twist potential let us calculate (dλ)ij . Namely, one arrives at
(dλ)ij = D
a
(
πab η
b − 4π Θab ηb
)
ǫijl η
l. (38)
Using the equations of motion for the underlying theory
DiE
i +
α
2
DiE˜
i = 0, (39)
DiE˜
i +
α
2
DiE
i = 0, (40)
and collecting various terms in order to obtain the adequate Lie derivatives multiplied by component of the gauge
field potentials
LηEm Am = 0, LηE˜j A˜j = 0, (41)
we arrive at the expression 8π Pbη
b ǫijkη
k. Just, for the condition of Pbη
b = 0, we draw a conclusion that the twist
potential form is closed, i.e.,
(dλ)ij = 0. (42)
At the beginning of the considerations we also assume that the manifold in question is simply connected. It leads to
the statement that twist potential, as described by equation (34), exists.
V. MASS INEQUALITIES FOR BLACK HOLES WITH DARK MATTER
This section will be devoted to the investigation of the inequalities binding masses of the black objects in the
considered theory. In order to tackle the problem of black hole mass in Einstein-Maxwell dark matter gravity let us
consider an axisymmetric line element which yields [3, 7, 8]
ds2 = qAB dx
AdxB +X2
(
dϕ+WB dx
B
)2
, (43)
where the metric tensor qAB describes a two-dimensional orbit space of Killing vector ηα = (∂/∂ϕ)α, while functions X
and WB are independent on ϕ-coordinate. On the other hand, when one requires the strongly axisymmetric condition
to be satisfied, the additional mirror symmetry should be implemented causing that WB disappears.
The required properties of the metric are satisfied by
ds2 = e−2U+2β (dρ2 + dz2) + ρ2 e−2U
(
dϕ+ ρ Wρ dρ+Wz dz
)2
. (44)
All the functions are ϕ-independent and the above choice of the coordinates corresponds to obtaining a harmonic
function on the orbit space, i.e., Laplace operator with respect to the metric qAB acting on ρ is equal to zero. The
solution of the aforementioned equation is unique and one specifies conditions at infinity and z-axis, which constitutes
the boundary of the orbit space. Furthermore, the regularity of the axisymmetric metric imposes the additional
requirements for function U and β.
In the above defined coordinates we shall find the ADM-mass which can be written as [3, 7, 8]
m =
1
16π
∫
dx3
[
(3)R+
1
2
ρ2 e−4β+2U
(
ρ Wρ,z −Wz,ρ
)2]
e2β−2U +
1
8π
∫
dx3 (DU)2. (45)
7The initial data invariant under the flow of the Killing vector ηa = (∂/∂φ)a yield that the following relations are
fulfilled:
LηFab = 0, Lη ∗ Fab = 0, (46)
LηBab = 0, Lη ∗Bab = 0, (47)
where the star stands for the Hodge’a dual.
Moreover the fact that the manifold under consideration is simply connected, ensures the existence of the potentials
φ, φ˜, ψ, ψ˜, bounded with the adequate U(1)-gauge field
∇µφ = Fαµ ηα, ∇µψ = ∗Fµα ηα, (48)
∇µφ˜ = Bαµ ηα, ∇µψ˜ = ∗Bµα ηα. (49)
In the orthonormal basis of the line element (44) the adequate left-hand sides of the relations (48)-(49), are provided
by
∂αΦ =
√
gϕϕ Θ3α, (50)
where Φ = (φ, φ˜, ψ, ψ˜) and Θ3α = (Fαµ, ∗ Fαµ, Bαµ, ∗Bαµ).
In [6] it was found that the twist potential was bounded with the extrinsic curvature tensor Kij by the relation of
the form
ω = 2 ǫijk K
j
l η
k ηl dxi, (51)
which enables to find that
e2β−2U | K |2h ≥ 2 e2β−2U (K213 +K223) =
e4U
2 ρ4
| ω |2h . (52)
We also assume that the initial data set in maximal, i.e., Kj
j = 0. Then, we insert equation (52) into relation (45).
The outcome is provided by
m ≥ 1
16π
∫
dx3
[
(3)R e2β−2U + 2 (DU)2
]
(53)
≥ 1
16π
∫
dx3
[
(DU)2 +
e4U
2 ρ4
| ω |2h +4π e2(β−U)
(
BmB
m + EaE
a +
+ B˜mB˜m + E˜aE˜
a + α (BmB˜m + EaE˜
a)
)]
.
The third term in the bracket can be reduced to the form which yields
1
gφφ
[
(∂nφ)
2+ | Dφ |2h + (∂nψ)2+ | Dψ |2h + (54)
+(∂nφ˜)
2+ | Dφ˜ |2h + (∂nψ˜)2+ | Dψ˜ |2h +
+α
(
(∂nψ)(∂nψ˜)+ | Dψ |h | Dψ˜ |h + (∂nφ)(∂nφ˜)+ | Dφ |h | Dφ˜ |h
)]
≥ e
2U
ρ2
[
| Dφ |2h + | Dψ |2h + | Dφ˜ |2h + | Dψ˜ |2h
+ α
(
| Dψ |h | Dψ˜ |h + | Dφ |h | Dφ˜ |h
)]
,
where ∂n stands for the derivative taken in the direction of the unit normal to the initial data hypersurface.
Inspection of the equations of motion and the exact form of the energy momentum tensors enable us to rewrite the
twist for the stationary Killing field ηa in the form as
ω[a;b] = 4
[
∇[aψ∇b]φ+∇[aψ˜∇b]φ˜+
α
2
(
∇[aψ˜∇b]φ+∇[aψ∇b]φ˜
)]
. (55)
8It enables us to write the following relation:
d
[
1
2
ω − (ψ dφ− φ dψ)− (ψ˜ dφ˜− φ˜ dψ˜)− α
2
(ψ˜ dφ− φ dψ˜) (56)
− α
2
(ψ dφ˜− φ˜ dψ)
]
= 0.
The fact that the differential form described by the equation (56) is closed allows us to conclude that there is a
function v (determined up to a constant), such that
1
2
ω = dv + (ψ dφ− φ dψ) + (ψ˜ dφ˜− φ˜ dψ˜) + α
2
(ψ˜ dφ− φ dψ˜) (57)
+
α
2
(ψ dφ˜− φ˜ dψ).
Consequently the equation (53) can be rearranged in the form as follows:
m ≥ 1
8π
∫
dx3
[
(DU)2 +
e4U
ρ4
| dv + (ψdφ− φdψ) + (ψ˜dφ˜− φ˜dψ˜) + (58)
+
α
2
(ψ˜dφ− φdψ˜) + α
2
(ψdφ˜ − φ˜dψ˜) |2h +
+ 2π
e2U
ρ2
(
| Dφ |2h + | Dψ |2h + | Dφ˜ |2h + | Dψ˜ |2h
+ α (| Dψ |h | Dψ˜ |h + | Dφ |h | Dφ˜ |h)
)]
,
Further, let us define the total charges connected with the considered gauge fields. Namely, one has
QE = − 1
4π
∫
∗ Fαβ dSαβ , QE˜ = −
1
4π
∫
∗Bαβ dSαβ , (59)
QM =
1
4π
∫
Fαβ dS
αβ , QM˜ =
1
4π
∫
Bαβ dS
αβ, (60)
The above definitions and the procedure presented in [7]-[10] enables us to arrive at the inequalities connecting ADM
mass and angular momentum of black hole and the charges appearing in the Einstein-Maxwell dark matter gravity.
In the next step, let us define the action of the form as
I =
∫
dx3
[
(DU)2 +
e4U
ρ4
| dv + (ψdφ− φdψ) + (ψ˜dφ˜− φ˜dψ˜) + (61)
+
α
2
(ψ˜dφ− φdψ˜) + α
2
(ψdφ˜− φ˜dψ˜) |2h + (62)
+ 2π
e2U
ρ2
(
| Dφ |2h + | Dψ |2h + | Dφ˜ |2h +
+ | Dψ˜ |2h + α (| Dψ |h | Dψ˜ |h + | Dφ |h | Dφ˜ |h)
)]
,
and by using the harmonic map connected with the extreme stationary axisymmetric solution in the considered theory
I(U ′, ω′, φ′, φ˜′, ψ′, ψ˜′), one can show that [9, 10]
I(U ′, ω′, φ′, φ˜′, ψ′, ψ˜′) ≥ I(U, ω, φ, φ˜, ψ, ψ˜).
All these facts leads to the conclusion that
m ≥
√
| J |2
m2
+ 2π (Q2E +Q
2
M ) + 2π Q
2
add, (63)
where by the quantity Q2add we have denoted
Q2add = Q
2
E˜
+Q2
M˜
+ α (QE QE˜ +QM QM˜ ). (64)
9The inequality can be rewritten in the form as
m2 ≥ 2π Q
2(total) +
√
4π2 Q4(total) + 4J2
2
, (65)
where we defined Q2(total) = Q2E + Q
2
M + Q
2
add. In terms of the above it can be concluded that the addition to
the theory in question the dark matter sector, envisages the fact that the mass with taking into account dark matter
(mdark matter) is greater than the mass in ordinary Einsten-Maxwell gravity
m2dark matter > m
2
ordinary matter. (66)
The contemporary astronomical observations reveal that in our Universe there is approximately 7 times more dark
matter than the ordinary one. If we assume that the same situation holds for the dark matter charge, we can roughly
estimate the mass of black hole in the theory with dark matter sector. It implies from the equation (63)
m2dark matter ≥
| J |2
m2dark matter
+ 2π (50 + 7α) Q2E + 2π (50 + 7α) Q
2
M . (67)
One can draw a conclusion that the aforementioned mass is significantly larger than for ordinary matter black object,
almost fifty times greater.
In the Early Universe when the scaffolding of dark matter formed and visible matter condensated on it, it would be
possible to emerge very massive black objects in a relatively short time after Big Bang. This fact could explain the
riddle connected with the possibility of growing such monsters.
So far, roughly forty quasars with redshift greater than z = 6 have been detected, each one of them contains a black
hole with a mass of one billion solar masses. The existence of such monsters is a tantalizing question for theory of
black hole growth, formation, as well as, the coevolution of black objects and galaxies. But there is only the tip of the
black hole iceberg. Recently the detection of highly luminous quasars associated with and powered by the accretion of
material onto massive black hole envisages that there are [75]-[78] black holes up to the ten billion solar mass, existed
13 billion years ago. The latest observations revealed such two fossils of the dormant descendant of such population
of black objects, at centers of Leo and Coma galaxy clusters.
VI. AREA INEQUALITIES FOR DYNAMICAL BLACK HOLES IN EINSTEIN-MAXWELL DARK
MATTER GRAVITY
The next problem we pay attention to is the area inequalities for dynamical black holes in the theory in question.
Consistently with our purpose, let us consider a closed orientable two-dimensional spacelike surface S smoothly
embedded in the manifold under consideration. The intrinsic geometry will be characterized by induced metric qab
with connection (2)Da, Ricci scalar
(2)R, volume element ǫab, as well as, the area measure dS. Having in mind
considerations presented in [11, 14, 16, 19], one can introduce the outgoing and ingoing normal null vectors la and
ka, respectively. They will be normalized to −1. In the next step let us define the expansion θ(l), the shear σ(l)ij and
the normal fundamental form Ω
(l)
j which is connected with the outgoing null vector. The aforementioned quantities
are subject to the relations
θ(l) = qab ∇alb, σ(l)ij = qci qdj ∇cld −
1
2
θ(l) qij , Ω
(l)
j = −km qrj ∇mlr. (68)
One also assumes that the surface S is stable and satisfies the marginally outer trapped surface condition, i.e.,
θ(l) = 0, as well as we demand that the hypersurface in question is stable. It means that one can find an outgoing
vector Xa = λ1 la − λ2 ka, with λ1 ≥ 0 and λ2 > 0 satisfying the condition of the form as δXθ(l) ≥ 0, where the
operator δX is the variation operator on surface S along the vector Xa [14].
As was mentioned in the preceding section, the surface ought to be axisymmetric, due to the condition of the
existence of the Killing vector field ηa. On this account, the following relations are also fulfilled:
Lηlj = Lηkj = LηΩ(l)j = LηFαβ = LηF˜αβ = LηBαβ = LηB˜αβ = 0. (69)
It was revealed [14] that for a closed marginally trapped surface S satisfying the stably outermost condition for vector
Xa and for every axisymmetric function α˜, one has that the following relation is provided:∫
S
dS
(
(2)Daα˜
(2)Daα˜+
1
2
α˜2 (2)R
)
≥
∫
S
dS
(
α˜2 Ω
(η)
j Ω
(η)j + α˜ β˜ σ
(l)
ij σ
(l)ij (70)
+ Gab α˜ l
a (α˜ kb + β˜ lb)
)
,
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where we have set β˜ = α˜ λ1/λ2.
The close inspection of the last term in equation (70) enables us to conclude that for Einstein-Maxwell dark matter
gravity one arrives at
Gab α˜ l
a (α˜ kb + β˜ lb) =
α˜2
4
(
αEmE˜
m + αBaB˜
a
)
+
α˜β˜
2
α Fim Bja q
am lilj (71)
+
α˜2
4
(
EmE
m +BaB
a
)
+
α˜β˜
2
Fim Fja q
am lilj
+
α˜2
4
(
E˜mE˜
m + B˜aB˜
a
)
+
α˜β˜
2
Bim Bja q
am lilj
+ Tij(matter) α˜l
i (α˜ kj + β˜ lj).
One ought to have in mind that the dominant energy condition for matter fields was assummed, i.e.,
Tij(matter)α˜l
i (α˜ kj + β˜ lj) ≥ 0, as well as null energy condition for U(1)-gauge fields in the theory under inspection
Fakl
a Fj
klj ≥ 0, Bakla Bjklj ≥ 0, Fakla Bjklj ≥ 0. (72)
The conditions (72) lead to the conclusion that one receives positive terms on the right-hand side of the relation (70)
(the second term in every line). Dropping these non-negative terms reveals that the right-hand side of the inequality
(70) can be rewritten in the form as follows:
∫
S
dS α˜2
[
Ω
(η)
j Ω
(η)j +
α
4
(
EmE˜
m +BaB˜
a
)
(73)
+
1
4
(
EmE
m +BaB
a
)
+
1
4
(
E˜mE˜
m + B˜aB˜
a
)]
.
As in [17], in order to analyze the inequality in question, we introduce the axisymmetric line element on a two-
dimensional hypersurface S
ds2 = qab dx
a dxb = eσ
(
e2q dθ2 + sin2 θ dϕ2
)
, (74)
where σ+ q = const = c. The fundamental form Ω
(l)
a can be decomposed using the Hodge theorem in such a way that
Ω
(l)
a = ǫab D
bω+Daλ˜. On the other hand, the axisymmetry of Ω
(l)
a leads to the conclusions that Ω
(η)
a = 1/2η ǫab D
bω,
where is connected with the gravitational part of the total angular momentum J = 1/8π
∫
S
dS Ω
(l)
a ηa = (ω(π) −
ω(0))/8, while η is given by qab η
aηb.
By the direct calculation it can be revealed that dS = ec dS0, where dS0 = sin θdθdϕ. Choosing α˜ = ec−σ/2 we
rewrite the inequality under inspection in the form as
2(c + 1) ≥ 1
2π
∫
S
dS0
[
σ +
1
4
DmσD
mσ (75)
+
1
η2
|
(
Djv + (ψDjφ− φDjψ) + (ψ˜Dj φ˜− φ˜Djψ˜) + α(ψ˜Djφ− φDj ψ˜) +
+ α(ψDj φ˜− φ˜Djψ)
)
|2
+
2π
η
(
DaψD
aψ +DaφD
aφ+Daψ˜D
aψ˜ +Daφ˜D
aφ˜+ α(Daψ˜D
aψ +DaφD
aφ˜)
)]
,
where η = qijη
iηj . Since A = 4π ec, one can reach the inequality as follows:
A ≥ 4π eM−22 , (76)
where the functional M is defined as the right-hand side of the equation (75).
In order to prove the inequality among area, angular momentum and charges in Einstein-Maxwell dark energy
theory, one can consider the connection between the functional M and a harmonic energy for maps from the sphere
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into the complex hyperbolic space. The main point of the proof is to show that the extreme Kerr solution (with
total charge Q˜) sphere, i.e., the set fulfilling the Lagrange equations for the functional M [12], realizes the absolute
minimum of the functional M in the set of all configurations having J, QE , QE˜ , QM , QM˜ fixed.
The theorem proposed in [89] states that if the domain of any map is compact, bounded with non-void boundary as
well as the target manifold has negative sectional curvature, then a minimizer of the harmonic energy with Dirichlet
boundary condition exists and moreover is unique, smooth and satisfies the Lagrange equations. It follows that
harmonic maps minimizers of the harmonic energy for given boundary Dirichlet conditions.
It can be proved that if D = (σ, ω, ψ, ψ, χ, χ˜) is a regular set on a sphere S2 with fixed values of
J, QE , QE˜, QM , QM˜ then the following inequality is fulfilled:
e
M−2
2 ≥ 4J2 + Q˜4(total), (77)
where Q˜4(total) = (
√
2π)4 Q4(total).
The proof of this statement involves a minimization problem and therefore can be attacked in different ways. One of
them is to implement the connection between the integralM and a harmonic energy for mapping the sphere into the
complex hyperbolic space. We use properties of the distance between harmonic maps in complex hyperbolic space.
The functionalM is related to the harmonic energyMD from a subset D ⊂ S2\{θ = 0, π} to the complex hyperbolic
space, on which the following line element is given
ds2H =
dη2
η
+
1
η2
[(
dv + (ψdφ − φdψ) + (ψ˜dφ˜− φ˜dψ˜) + α(ψ˜dφ− φdψ˜) (78)
+ α(ψdj φ˜− φ˜djψ)
)
|2
]
+
2π
η
[
(dψ)2 + (dφ)2 + (dψ˜)2 + (dφ˜)2 + α(dψ˜ dψ + dφ dφ˜)
]
,
while MD is provided by the expression
MD =M+
∫
S
dS ln sin θ +
∫
∂S
dl (σ + ln sin θ)
∂ ln sin θ
∂n
. (79)
We have set n to be unit normal to the boundary to S surface, while dl is the measure element of the boundary ∂S.
The proof of the statement is the same as in [18], therefore for the mathematical subtleties we refer the readers to
this work. However for the readers’ convenience we sketch the basic points of it. Having in mind the theorem [89],
we divide the sphere into three regions
ΩI = {sin θ ≤ e−(lnǫ)
2}, ΩII = {e−(lnǫ)
2 ≤ sin θ ≤ ǫ}, ΩIII = {ǫ ≤ sin θ}. (80)
To commence with, one interpolates the potentials between extreme Kerr solution with dark matter total charge in
ΩI and a general solution in ΩIII region. Let us remark that for the extreme Kerr black hole one has that
m2 =
Q˜2(total) +
√
4J2 + Q˜4(total)
2
. (81)
If we concentrate on the non-extreme solution, the area of the bifurcation sphere can be provided by
A(SH) = 4π (r
2
H + a
2) > 4π
√
4J2 + Q˜4(total). (82)
Because of the fact that mass tends to the mass of extremal stationary axisymmetric black hole solution, we get
A(SH)→ 4π
√
4J2 + Q˜4(total). (83)
Hence, it leads to the Dirichlet problem in ΩIV = ΩII ∪ ΩIII , which in turn implies that the mass functional of the
extreme solution is less than or equal to the mass functional for the additionally interpolating map on the whole sphere
in question. Consequently, in the last step of the proof, recalling that the limit as ΩIII converges to the sphere, and it
shows that the considered mass functional for the additional map converges to the mass functional connected with the
original sets. All the above mathematics leads to the relation (77). One can remark that for two asymptotically flat
ends, we can find an asymptotic stable ( for which the second variation of the area is nonnegative) minimal surface
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Σmin ∈M, which separates two asymptotically flat ends in question. Σmin minimizes area among all the considered
two-surfaces. It yields that A(Σmin) = Amin, where Amin is the least area to enclose the ends [20]. One obtains the
relation as follows:
Amin ≥ 4π
√
4 J2(Σ) + Q˜4(total)(Σ), (84)
where in the above inequality Σ stands either for Σmin or for Σ0. The equality is satisfied when Σ = Σ0 and this case
is responsible for the sphere of the extreme stationary axisymmetric solution in the theory in question.
VII. INEQUALITIES FOR CHARGE AND SIZE OF THE BODIES
In [26] the inequalities relating charge and size of bodies in Einstein-Maxwell gravity were established. In general
there are two attitudes to attack the problem in question. Namely, one can assume the maximal case, i.e., Km
m, or
try to conduct the reasoning without this assumption. In this section we shall give some remarks concerning the size
of the bodies due to the existence of the dark matter sector.
By the model of the body Θ we shall consider a connected open subset of the manifold with compact closure and
smooth boundary. From the equation of motion one can find that the square of the charge in Einstein-Maxwell dark
matter gravity is provided by
Q2 =
(
1
4π
∫
∂Θ
(Eµ +
α
2
E˜µ)n
µdS
)2
+
(
1
4π
∫
∂Θ
(Bµ +
α
2
B˜µ)n
µdS
)2
(85)
+
(
1
4π
∫
∂Θ
(E˜µ +
α
2
Eµ)n
µdS
)2
+
(
1
4π
∫
∂Θ
(B˜µ +
α
2
Bµ)n
µdS
)2
,
which reduces to the relation
Q2 ≤ | ∂Θ |
16π2
∫
∂Θ
dS γ
(
EaE
a +BmB
m + E˜aE˜
a + B˜mB˜
m
)
+ 2α
(
EaE˜
a +BmB˜
m
)
, (86)
where we set
γ = 1 +
α2
4
. (87)
We add and extract the following term
γ | ∂Θ |
4π2
∫
∂Θ
dS
(
µ− Pb
)
, (88)
to the right-hand side of the equation (86). Now by µ we have denoted
µ =
1
4
[
BmB
m + EaE
a + B˜mB˜
m + E˜aE˜
a + α (BmB˜
m + EaE˜
a)
]
+ µb, (89)
Because of the fact that α is small, the relation for Q2 implies
Q2 ≤ −γ | ∂Θ |
16π2
∫
∂Θ
dS α (1 − α
2
4
)2
(
EmE˜
m +BcB˜
c
)
(90)
− γ | ∂Θ |
4π2
∫
∂Θ
dS
(
µb − Pb
)
+
γ | ∂Θ |
4π2
∫
∂Θ
dS
(
µ− Pb
)
≤ γ | ∂Θ |
4π2
∫
∂Θ
dS
(
µ− Pb
)
≤ γ | ∂Θ |
2
4π2
µ,
where we have used the dominant energy condition for the non-electromagnetic matter.
Let us give some remarks concerning the size of the body. The crucial theorem was established in [90]. To begin
with one should define a closed curve in Θ which bounds a disk in this region of manifold in question. Let q be the
largest constant in the sense that the set of points within the distance q of the aforementioned curve is contained
in Θ, as well as, forms a proper torus. Thus q constitutes a measure of the size of the body with respect to the
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previously defined curve. The so-called Schoen-Yau radius RSY (Θ) is connected with the largest value of q, one can
find by examining all the curves (the Schoen-Yau radius can be expressed in terms of the largest torus embedded in
Θ). Having in mind these definition it can be proved that if we suppose that the body is a subset of the manifold
with a scalar curvature (3)R bounded from below (3)R ≥ Λ in Θ, and we consider the maximal initial data, then
Λ ≤ 8π
2
3
1
R2SY (Θ)
, (91)
for a positive constant Λ.
Recalling he initial data equation (13) and the fact that Km
m = 0, one can establish that (3)R ≥ 16π µ, which in
turn can be established as the value of a constant Λ. Consequently, we arrive at the expression bounding µ
µ ≤ π
6 R2SY (Θ)
. (92)
It leads to the conclusion that
Q2 ≤ γ | ∂Θ |
2
2π R2SY (Θ)
. (93)
The modification of the above relations is to find the relations binding body parameters, without the assumption of
vanishing the trace of the extrinsic curvature. The reasoning is based on the reduction of the problem for general
initial data to the maximal setting, i.e., in the maximal setting nonnegative scalar curvature is guaranteed from the
point of view of the dominant energy condition. Therefore one can deform the initial data metric to the new one,
unphysical g˜ab for which
(3)R˜ > 0. In other words, we shall consider a graph M˜ = {t = f(x)} inside a warped product
of the manifold given by M ×R; g˜ab = gab + dt2, with induced metric on M˜ .
The manifold M˜ is referred to the so-called Jang surface and by the transformation of the metric tensor in the
form as g˜ab = gab + ∇af∇bf , one achieves the desirable positivity of the scalar curvature. The function f satisfies
the so-called Jang equation
(
gab − ∇
af ∇bf
1+ | ∇f |2
)( ∇a∇bf√
1+ | ∇f |2 −Kab
)
= 0. (94)
The manifold M˜ is referred to the so-called Jang surface. However, the obtained scalar of the Jang graph is weakly
positive, which means that in the defining relation there is a negative term [26].
One can measure the concentration of scalar curvature by estimating the first Dirichlet eigenvalue λ1 of the operator
(g˜)∇µ(g˜)∇µ − 1/2(3)R˜. Let us assume that χ is the function related to the first eigenvalue λ1. On this account, it is
customary to write
λ1 =
∫
Θ dΘ | ∇χ |2 + 12 (3)R˜ χ2∫
Θ
dΘ χ2
. (95)
Having in mind that R˜ is weakly non-negative [26], we integrate by parts the above relation. Hence it leads to the
relation
λ1 ≥ 8π minΘ(µ− | P |) = Λ. (96)
By virtue of the preposition [90], in which Λ 6= 0, we get
R˜SY (Θ) ≤
√
3
2
π√
Λ
, (97)
where R˜SY is realated to the metric tensor g˜ab. On the other hand, for an arbitrary positive function ζ ∈ C∞(Θ),
one obtains the following:
Λ−1 ≤ C0
8π
∫
Θ dΘ ζ∫
Θ
dΘ ζ (µ− | P |) , (98)
where
C0 =
maxΘ (µ− | P |)
minΘ (µ− | P |) . (99)
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The dominant energy condition on the boundary of the theory in question, can be given in one of the underlying
forms, i.e.,
∫
∂Θ
dS (µb− | Pb |) ≥ 0,
∫
∂Θ
dS (µb− | P |) ≥ 0. (100)
It enables to define a constant C21 of the form [26]
C21 = C0
maxΘ (µ− | P |)
minΘ (µ− | P |) . (101)
Consequently we arrive at the following estimation of the charge of the body on the manifold in question:
| Q |≤ 1
8
C1
√
3 γ
π
| ∂Θ | 1
R˜SY (Θ)
. (102)
As far as the formation of black hole due to the concentration of charge is concerned, the solution of the Jang equation
has the irregularity, on the apparent horizon the function f blows up. The initial data have a boundary ∂M , which will
be considered as an outermost apparent horizon, i.e., each of the boundary components satisfies θ+ = Hs+Tr K = 0,
for the future horizon or θ− = Hs − Tr K = 0, for the past horizon. Hs is the mean curvature with respect to the
normal directed towards null infinity.
Thus, if we show that Jang equation has no regular solution, it can be stated that an apparent horizon is present
in the considered initial data. It turned out that [26] the inequality (102) can be rewritten as
| Q |≥ 1
8
C1
√
3 γ
π
| ∂Θ | 1
R˜SY (Θ)
. (103)
The above criteria to create black hole due to the concentration of a charge of matter satisfying the dominant energy
condition for the non-electromagnetic matter, reveals the fact that the value of | Q | is greater with respect to the
influence of dark matter, i.e., the addition of dark matter sector modifies the relation for the charge of the body by a
factor which depends on the α-coupling constant of the dark matter
| Q | (dark matter) =
√
1 +
α2
4
| Q | (ordinary matter).
VIII. CONCLUSIONS
In our paper we have investigated the influence of the dark matter on angular momentum, mass and charge of the
black holes. These parameters of the black hole will be studied for axisymmetric maximal time-symmetric initial
data for Einstein-Maxwell gravity with dark matter sector. Dark matter was simulated by another U(1)-gauge field
coupled with Maxwell one. The data set with two asymptotically flat regions, are given on smooth simply connected
manifold, which enables to define potentials connected with fields in the theory, as well as, to define charges for the
adequate U(1)-gauge fields.
It turned out that the addition of the dark matter sector envisages the great increase of the mass of the black hole.
Perhaps this fact may explain the observation of very massive black objects in the Early Universe, when the visible
matter condensate on the dark matter web. We studied the area inequalities in Einstein-Maxwell dark matter theory.
The conclusion was that dark matter sector caused the increase of the area of the studied objects. Then, we proceed
to discuss the connection between charge concentration and the size of the bodies. We conduct our researches with
the assumption of the maximal initial data and without it, using the so-called Jang equation. Once more it turned
out that the α-coupling constant binding the ordinary Maxwell field and dark matter gauge field, play the crucial role
in the estimation of the charge-radius relations for body and black hole.
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